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1 Introduction. 

In the dimension theory of dynamical system, only the Hausdorff dimension of invariant 
sets of conformal dynamical system is well understood. Since the work of Bowen, who 
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was the first to express the Hausdorff dimension of an invariant set as a solution of an 
equation involving topological pressure. Ruelle \18l refined Bowen's method and get 
the following result. If J is a mixing repeller for a C^^" conformal expanding map 
/ on a Riemannian manifold M , then the Hausdorff dimension of J can be obtained 
as the zero to of t ^— > 7r/(— t log | |), where tt/ denotes the topological pressure 
functional. This statement is known as the Bowen-Ruelle formula, and we sometimes 
call the equation involving topological pressure Bowen equation. And Gatzouras and 
Peres relaxed the smoothness C^+" to in [T2] . 

Recently, different version of topological pressure has become an useful tool in 
calculating the Hausdorff dimension of a non-conformal repeller. For non-conformal 
repellers, Zhang used singular values of the derivative D^f"' for all n E N, to define 
a new equation which involves the limit of a sequence of topological pressure, then 
he showed that the upper bound of the Hausdorff dimension of repeller was given 
by the unique solution of the equation, see [20j for details. Barreira considered the 
same problem in [2]. By using the non-additive thermodynamic formalism which was 
introduced in [3] and singular value of the derivative D^f"' for all n G N, he gave 
an upper bound of box dimension of repeller under the additional assumptions that 
the map was C^"*"" and a-bunched. This automatically implies that for Hausdorff 
dimension. In [7], by using the sub-additive topological pressure which was studied 
in [8], the author proved that the upper bound of Hausdorff dimension for non- 
conformal repellers obtained in [21 [TTl [20] were same and it was the unique root of 
Bowen equation for sub-additive topological pressure, we point out that the map is 
only need to be without any additional condition in [7]. 

In [1] , the authors introduced the notion of average conformal repeller in the deter- 
ministic dynamic systems which was a generalization of quasi- conformal and asymp- 
totically conformal repeller in [3l [T7] , and they proved that the Hausdorff dimension 
and box dimension of average conformal repellers was the unique root of Bowen equa- 
tion for sub-additive topological pressure. In that paper, the map is only needed C^, 
without any additional condition. 

For random repellers, Kifer proved that the Hausdorff dimension of a measurable 
random conformal repeller was the root of the Bowen equation which can be seen 
as a random version of the deterministic case, see [13] for details. And in [4j, the 
authors generalized this result to almost-conformal case. In [21j, using the idea in 
the deterministic case [Ij , authors introduced the notion of random average conformal 
repeller, and they proved that the Hausdorff dimension of random average conformal 
repellers was the unique root of Bowen equation for random sub-additive topological 
pressure which was studied in [22] . 

Motivated by the work in P], where the authors showed that the Hausdorff di- 
mension of the conformal repeller was stable under random perturbation, we consider 
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a random perturbation of the deterministic average conformal repeller which is mod- 
eled using the notion of a bundle random dynamical system(RDS for short). Namely, 
let i) be an ergodic invertible transformation of a Lebesgue space {fl, W, P) and con- 
sider a measurable family T = {T{u!) : M M} of C^^° maps, that is to say, 
{uj, x) I— i> T{uj)x is assumed to be measurable. This determines a differentiable RDS 
via T{n,uj) := T(t9"'icj) o ■ ■ ■ o T{^uj) o T{uj){n G N). Further, Let E C n x M he 
a measurable set such that all cj-sections E^^ := {x G M : {uj,x) G E} are compact. 
If /C denotes the collection of all compact subsets of M endowed with the Hausdorff 
topology, this is equivalent to saying that /C-valued multifunction u E^ is measur- 
able. Here and in what follows we think of E^^ being equipped with the trace topology, 
i.e. an open set A C E^^ is of the form A = B (1 E^ with some open set B C M. We 
call E is T-invariant if T{uj)E^ = E^^ P — a.s., and in this situation the Hausdorff 
dimension of the fiber E^ is a P-a.s. constant, see [10]. The map is defined 

by 6(u;,x) = {'duj,T{uj)x), and we call it the skew product transformation. 

The aim of this paper is to make rigorous the statement that if a bundle RDS is 
close to an average conformal expanding map on a repeller then the corresponding 
Hausdorff dimension are close. 

The paper is organized as follows. In section 2, we will recall the main result 
in [1]. In section 3, we introduce some random notions and our model of random 
perturbation, we point out that this was essentially inspired by a remarkable result 
of Liu [15]. In section 4, we formulate and prove our main result which says that the 
Hausdorff dimension of an average conformal repeller is stochastically stable. 



2 Dimension of average conformal repeller 

In this section, we will recall the notion of sub-additive topological pressure and the 
main result in [1] which says that the Hausdorff dimension of an average conformal 
repeller can be given by the unique root of the sub-additive topological pressure. More- 
over, we will give some preliminary results. 

Let / : X — ^ X be a continuous map on a compact space X with metric d. 
A subset E d X is called an (n, e)-separated set with respect to f ii x ^ y & E 
implies y) := maxo<i<„_i d{f^x, fy) > e. Let = {(pn}n>i denote a sub-additive 
potential on X, that is to say 0„ : X — » M is continuous for each n G N and satisfying 

(x) < (f)n{x) + (pmirix)), Vn, m G N, X G X. 

Following the way in we define the sub-additive topological pressure 

7r/(jF, n, e) = sup < exp 4>n{x) : E is an {n, e) — separated subset of X > 
UeE J 
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and then call 



TT / (JF) = lim lim sup — log tt j (JF, n, e) 



the sub-additive topological pressure of with respect to /. If there is no confusion 
caused, we simply call vrj(jF) the sub-additive topological pressure of JF. 

Remark 1. (l)When the continuous potential T = {4>n} on X is additive, i.e. (j)n{x) = 
^^=0 for some continuous function (p : X R, then 7r/(jF) is the classical 

topological pressure, see 119] for details, and we denote it simply by TTf{(f)); (2)When 
the continuous potential T = {4>n} on X is sup-additive, that is to say, (pn+mix) > 
(pnix) + 4>m{f^x), ^n,m G N, s G X, we also can define the sup-additive topological 
pressure. And the pressures are equal under some special case, see Ji]/. 

Let Ai {X, f) denote the space of all /-invariant Borel probability measures and 
S{X,f) denote the subset of A4{X,f) with ergodic measures. For /i G A^(X, /), let 
h^{f ) denote the measure-theoretic entropy of / with respect to n, and let J-'*{fj,) denote 
the following limit 



The relation between TTf{J^)^h^{f) and JF^,(yu) is given by the following variational 
principle which is proved in [8J, and the random version of the following theorem is 
proved in [22]. 

Theorem 2.1 (Variational principle). Let J-' be a sub-additive potentials on a compact 
metric space X , and f : X ^ X is a continuous transformation, then 



Proposition 2.1. let fi : Xi Xi{i = 1, 2) be a continuous map of a compact metric 
space {Xi,di), and T = {4>n} is a sub-additive potential on X2. If if : Xi ^ X2 is a 
surjective continuous map with (f o fi = f2 o (f then vr/2(jF) < -k f^[T o ip) , and if ip is a 
homeomorphism then 7r/2(^) = 'k f^{T o ip) , where T o ip> = {0„ o ip>^. 

Proof. We first check that JF o is indeed a sub-additive potential on the compact 
metric space Xi. In fact 

(pn+m O ip{x) < (j)n{fx) + (j)m{f2<fx) = (j)n O ip{x) + (pm ^ ^{flX) 

the equality follows from the fact that ip o fi = f2 o ip. 

Let e > and choose 6 > such that d2{'f{x),p{y)) > e implies di{x,y) > 6, this 
fact follows from the uniform continuity of p. 
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Let E be an (n, e)-separated set with respect to f2- Since ip is surjective, there 
exists a subset F C Xi so that y:>\p : F ^ E is a bijection. It follows from the above 
observation that F is an (n, (5)-separated set with respect to /i. Hence, we have 

7r/2(jF, 72, e) = sup{^^g£; exp : is an (n, e)-separated subset of X2} 

= sup{^ygp exp 0„ : is an (n, e)-separated subset of X2 

and iplp '■ F ^ E is a bijection} 
< sup{^^g^ exp : F is an (n, (5)-separated subset of Xi} 

Since e — > then 5^0, then we can have 

If is a homeomorphism then we can apply the above with fi, f2,ip,J-' replaced by 
/2, /i, ip~^, T o if respectively to give T^f^{T) > 7r/-^(jF o ip). Thus the proof is finished. 

□ 

Proposition 2.2. Let f : X ^ X be a continuous map on a compact metric space, 
and : X — s> M a continuous function on X. Suppose (f^-.X^'Risa continuous 
function on X for every e > and linie^o V'e = then 

lini7r/((^,) = 7r/(0). 

Proof. This immediately follows from the continuity of the classical topological pres- 
sure. □ 

Now we introduce the definition of average conformal repeller. And the dimension 
of the repeller can be obtained by the unique root of the corresponding sub-additive 
topological pressure. 

Let M be a C°° m-dimensional Riemannian manifold. Let U be an open subset 
of M and f : U M he a map. Suppose J G U is a. compact /-invariant 
subset. Let Ai{f\j), denote the set of all /-invariant measures and the set of 

all ergodic invariant measures supported on J respectively. For any fi G S{f\j), by the 
Oseledec multiplicative ergodic theorem (see [16]), we can define Lyapunov exponents 
< A2(/i) <■■■<: ^mifi'), ^ = dimM. 

Definition 2.1. A compact f -invariant set J is called an average conformal repeller 
for f if for any jj, G S{f\j), Ai(/i) = A2(/i) = ■ • • = \m{,lj) > 0. 

Remark 2. We point out that if J is an average conformal repeller for f , it is indeed 
a repeller in the usual way(see J^) that: 3A > 1,C > such that for all x E J and 
V G T^M 

\\DJ^{v)\\>CX'\\v\l Vn>l. 
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Proposition 2.3. If J is an average conformal repeller for f, then 

7r/($)= lim -7r^.(-logp,.r||) 

where $ = { — log ||Dj;/"'||}„>i is a sup-additive potential andnf^^), TTp^{— log 

denote the sup-additive topological pressure of ^ with respect to f, classical topological 

pressure of — \og\\Dxf"'\\ with respect to respectively. 

Proof. Let \E' = {— log m^D^f^)} n>i denotes the sub-additive potential. First note 
that by the definition of topological pressure, we have 

^nf.{-\og\\Dj'^\\) < ^nj.{-\ogm{Dj'^)), Wk > 1. 

And since J is an average conformal repeller, the measure-theoretic entropy map fi i— >^ 
h^{f) is upper-semi-continuous by remark [2l By proposition 2.2 in [7], we have 

lim ^7r^.(-logm(D,/'^)) = 7r/(^) 

where vrj(\E') denotes the sub-additive topological pressure of \Ef with respect to /. Thus 
we have 

limsup^7r^.(-log||D,./i) < vr^vl/) = vr;($), (2.1) 

where the last equality is proved in [1] since J is an average conformal repeller for /. 
On the other hand, for any fi & M.{f\j) C M.{f''\j), we have 



h,{f) + ^,{fi) = \im^^{h,{f') + J -\og\\Dj' 



lld/i) 



< liminf ^7rj.(-log||L'^./'=| 



the last inequality is follows from the classical variational principle for additive topo- 
logical pressure of — log with respect to f^, see [I9]. Again because J is an 
average conformal repeller, by the variational principle for the sup-additive topological 
pressure (see [1]), we have 

7r/($) <liminf^7r^.(-log||D,./*^||). (2.2) 

Thus the desired result immediately follows from (12. ip and (12. 2p . □ 

The dimension of an average conformal repeller can be given by the following the- 
orem in [Ij. 

Theorem 2.2. Let f be dynamical system and J be an average conformal re- 
peller for f , then the HausdorfJ dimension of J is zero of t ^ 7rj(— t\E'), where 
\E' = {logm(L)^/") : a; e J,r2 G N} and m{A) = ||y4"^||"^ 
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3 Random notations 



In this section, we will give some random notions and some well-known results. Firstly, 
let {Q, W, P) and {}, E, T be described in section 1, and let A^p(i?, T) denote the space 
of B-invariant measures with marginal P on i7 of the RDS, S^{E, T) denote the subset 
of ^Al,{E,T) with ergodic measures of the RDS. 

Let L\;{Q,C{M)) denote the collection of all integrable random continuous func- 
tions on fibers, i.e. a measurable f : E M. is a member of L\;{Q,C{M)) if 
f{uj) : E^ ^ R is continuous and ||/||i := J \\f{uj)\\dF{uj) < oo, where ||/H|| = 
^^Px£E^ 1/(0;, If we identify / and g provided ||/ — g\\i = 0, then L\;{fl, C{M)) 
becomes a Banach space with the norm || - Hi. A family $ = {(fn}n>i of integrable 
random continuous functions on E is called sub-additive if for P-almost all u, 

ipn+m{i^, X) < (Pn{0O, x) + (pm{Q"'{uJ, x)) for all 71,171 G N^X G E^. 

Let e : ^7 — s> (0, 1] be a measurable function. A set F C Ef^ is said to be (ci;,e, n)- 
separated for T, if x,y E E,x ^ y implies y ^ B^{n,x,e), where -B^(?t,, x, e) := {y G 
E^ : d{T{k,u)x,T{k,uj)y) < ei^d^ui) for Q < k < n — 1} and d is the given metric on 
M. 

Let $ = {v5n}n>i be a sub-additive function sequence with G C(M)) for 

each n. As usual, we put 

7rr($)(c<j, e, n) = sup{ ^ ^^^{1^,^) ; F is an (u;, e, n)-separated subset of E^^} 

TTri^) (e) = lim sup ^ / log ttt{^) {00, e, n)dF{uj) 

7rr($) = lim7rr($)(e) 

The last quantity is called the sub-additive topological pressure of $ with respect to 
T. We just mention that the above definition is reasonable, see [22] for details. 

Remark 3. (i) If the function sequence $ = {^Pn} can he written as ipn{uj,x) = 
J2i=o V'(0*(^^, x)) for some function (p G L\{Vt, C{M)), then we call 7rr($) the random 
additive topological pressure, see ^ [7^ for details, denote it simply by t^t{,v)- ('^'^) 
Since P is ergodic in the model which we consider, so the limits in the above definition 
will not change F-almost everywhere without integrating against P. 

Lemma 3.1. For i = 1,2, let Xi be compact metric spaces, Ei measurable bundles 
overQ with compact fibers in Xi, and ipi topological bundle random dynamical systems 
on Ei. If ip = {ipi^) '■ E^} is a family of homeomorphism between E^ and E^ 

satisfying ip2{^^) o 'ipi^) = 'ipi^^uj) o ipi{uj), P — a.s., and T = {fn}n>i is a sub-additive 
potential in L\j^{Q,C{X2)) then 
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where J^otp = {fn°i'}n>i denotes the member of L\;^{Q, C{Xi)) defined by fn{oj,tp{uj)x) 
for each n>l. 

Proof. We first check the new defined potential T o ijj = {/„ o ip}n>i is indeed sub- 
additive. Precisely, we have 

fn+m O i){u^, X) = fn+m{^^, 1p{uj)x) 

< fn{uj, 'iIj{uj)x) + frai^'^UJ, (p2{n, u)lp{uj)x) 

= fno ^{(^, x) + ?/'(^9"u;)v?i(ra, uj)x) 

= fnO ^{(^, X) + fmO ^{^""UJ, (flin, Uj)x). 

Let /i G M.^{Ei,ipi) and write /i^ for the member of M.l>{E2,ip2) defined by 
ilj{uj)^fiuj- We have h'jj^\ipi) = /i|lj(v22) (see theorem 2.2.2 in [5]) and lim„_oo ^ J fn ° 
ipdjji = lim„^oo ^ / fndfi^, by the variational principle of random sub- additive topolog- 
ical pressure in [22] we have vr^i(J^ o ^) < '^•pii^)- By symmetry we get the reverse 
inequality and hence the desired result. □ 

Definition 3.1. Let T be a RDS over i). A generator of RDS T is a family A = 
{A{uj) = {Ai{u)) : A{uj) is an open cover of Ei_j} with 

(i) A{uj) is finite for all uj G VL; 

(a) uj \—>- d{x, Ai{uj)) is measurable for all x & M and all i G N; 

(an) for each sequence {An)neN of sets we have A^ G A{i^"'u!) for all n & N implies 
that f]^Q T(n, co')~^A„ contains at most one point. 

Definition 3.2. Let T be a RDS over d. We call T is (positive) expansive if there 
exists a (0, l)-valued random variable A such that 

d{T{n,uj)x,T{n,uj)y) < A(^9"c<;) for all neN 

implies x = y. 

Definition 3.3. A generator A of a given RDS T is called a strong generator if 

k-l 

lim diam \J T{i,Lu)^^A{'&^uj) = uniformly in u 

fc— >oo " 
i=0 

An expansive RDS is said to be strongly expansive if it possesses a strong generator. 

Let U C M be an open subset of the Riemannian manifold M with U E K, and 
let C{U,M) denote the space of all continuous maps from U to M endowed with the 
compact open topology. 
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Definition 3.4. Assume f G C{U,M) and J G /C with fj = J. A family {Te}e>o of 
C{U, M) -valued random variables is called a random perturbation of f on J if 

(i) lim^^o^e = f in probability; 

(a) there exists a family of IC -valued random variables {Je}e>o such that 

(a) for each e > we have that F-a.s. T^{uj)J^{uj) = J^{'duj); 

(b) lim^^o Je = J in probability. 

{Te}e>o is said to be structurally stable if there exists a family {/ie}e>o ofC{J, M)-valued 
random variables such that 

(Hi) for each e > we have that h^{uj) : J Jei^^) is a homeomorphism and T^{uj) o 
h,{uj) = K{duj) o / f-a.s.; 

(iv) lim^^o = id in probability. 

See |1] for examples of strongly expansive bundle RDS and structurally stable ran- 
dom perturbation. Put X = U and let C"(X, M) denote the space of all Holder 
continuous functions on X with Holder exponent a. We endow C°(X, R) with the 
usual norm 1 1 ■ | |o := 1 1 ■ 1 1 + | ■ |a, where || ■ || is the sup-norm and | ■ |q, is the least 
Holder constant, namely, \ip\a '■= ^^'9x,y&x,x^y Then using proposition 12.21 we 

can get the following important proposition which is proved in |4], we cite here just for 
complete. 

Proposition 3.1. Let {Te}e>o be a structurally stable random perturbation of f on J. 
And let {fe}e>o be a family of C'^{X^M) -valued random variables satisfying 

limllv?, - = in L^(P) 
for some (p E C'^{X,M.). Then 

lini7rr,(<^e) = t^M)- 

4 Stability of the HausdorfF dimension under ran- 
dom perturbations 

In this section we will prove that the Hausdorff dimension of the average conformal 
repeller is stable under suitable random perturbation. 

The following proposition can be proved by slightly modification of the proof of 
theorem 1.1 in [T5] . 
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Proposition 4.1. Assume J is an average conformal repeller for a C^^"' map f : U ^ 

M. There exists a neighborhood U{f) C C^"'""(f/, M) of f such that the following 
holds: 

(i) For every random variable T : Q ^ ^(/) there exists a JC-valued random variable 
J{uj) C U satisfying T{uj)J{uj) = J{'duj), and a C^{U, M) -valued random variable h 
such that each h{uj) is a homeomorphism between J and J{uj) and T{uj) o h{uj) = 
h{'duj) o f on J. 

(a) If {Tf : Q W(/)}e>o is a family of random variables with lim^^oT^ = f in 
probability (with respect to the distance), then lim^^oh^ = id in probability and thus 
liiiie^o Je = J in probability. Here and are the corresponding objects associated 
to T, by (i). 

In other words, each family {Te}e>o ofU{f)-valued random variables with lim^^Q T^ = f 
in probability is a structurally stable random perturbation of f on J. 

Now we state and prove our main result. 

Theorem 4.1. Assume J is an average conformal repeller for a C^+" map f : U M. 
There exists a neighborhood U{f) C C^^"(?7, M) of f such that the assertions of 
proposition \4-l\ hold with the following additional property. 
If {T^ : ^ — ^ W(/)}e>o is a random perturbation of f with 

limT, = f in L\Q, C^+^'iU, M)) 

then 

limdim//( Je(c<j)) = dim/^(J) P-a.s. 

e— >0 

where dim//(-) denote the H aus dor ff dimension of a set. Moreover, if L d J is compact 
and f -invariant, then lim^^Q dim. H{h^{uj)L) = dim//(L) P-a.s. 

Proof. In tlie following we will follow Bogenschiitz and Ochs' proof [4J to obtain the 
desired result. Choose an open neighborhood of J such that V is a compact subset 
of U. Then U{f) can be chosen in such a way that Je{uj) C V for every e > 0, u; G 
Fix e > 0. For {uj,x) eVl x V set 

r]f:{uj,x) := \ \DxT^{u)\ \ and X^{u!,x) := m{DxTf:{u!)). 

By taking appropriate U{f), we can assume that log A^, log r^^ G Lj^{Q,C{M)). 
For the clarity of the proof, we divide the proof into several steps. 
Step 1: We claim that T^ satisfies the following formula 

X,{uj, x) - K{uj)d{x, vT < ^(^-M^-^^(^)^) < ^^(^, 3;) + K{uj)d{x, vT (4.3) 

ayx^ y) 
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for every uj G ^ and x ^ y G Je{^), where K : ^] 
prove the inequahty (14.31) in the rest of this step. 

Choose tq > such that A := {x : dist{x, V) < tq} C U. Define 



with log+ K G L\F). We will 



sup 



d{x,yY 



x,y e A,x^y 



For the simplicity of notations, we restrict M to be the case of an open subset of M*^, 
since the general case can be done via local coordinates. We let | ■ | denote the Euclidian 
norm on M'^ and write T instead of T^{uj) for convenience. 

For x,y E Jeiyj) with < |x — y| < tq, we put e := j^^fr cind get that 



\T{x)-T{y)\ 



\y~'j:\ 



D^+teT{e) dt 



y-x\ 
y-x\ 



< 



D,+teT\\dt 



< \y-x\ snp{\\D^+^T\\ : \z\ < \y - x\} 

< \y-x\{\\D,T\\+Ko{u)\y-xn. 



Thus, we get that 



\Tix)-ny)\ 



\y - x\ 

On the other hand, we can get that 
1 



< r],{uj,x) + Ko{uj)\y - 



\y - x\ 



/^'^ D,+t,Tie) dt 

> inf{|Ae| : A G convex hull of D^+teT, <t < \y — x\} 

> \DxT{e)\ — sup{|y4e| : A G convex hull of {D^+teT — D^-T), 
0<t<\y-x\} 

> Xe{uj,x) - Ko{uj)\y - 



The last inequality follows from the definition of immediately. 

Put _ _ 

diamV" max{\\D^T,{u)\ \ : x e V} 



K{iu) = max < Kq{uj 



To 



and then the inequality (14. 3 p immediately follows. 
Step 2: We claim that 

logA^dP > 

for some n> 1, where A^(u;) = mina;gj^((^) 11^=0 K{'^''uj,T^{k,uj)x). 

Recall that J is an average conformal repeller for /. It is easy to see that lim log = 
min2;gj{logm(Djn-i^/) + ■■■ + logm(D^/)} > in probability. By making U{f) 
smaller if necessary we have that | log(|Da,Te|)| is uniformly bounded for all T G 
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U{f),x G V, and e G T^M with |e| = 1. Thus hm log = min{logm(Z}fn-i^/) + • • • + 

\ogm{Dxf)} > also in L^(P), which implies sup„>]^ ^ JlogA^dP > for sufficiently 
small e. This finishes the proof of the claim. 

Step 3: We claim that is strongly expansive. By remark [2] we know / is 
expanding on J, then there exists a neighborhood of J, a constant c > 0, and 
an integer n > 1 such that \Dxf"'{e)\ > 1 + c for every x & V and e G T^M with 
|e| = 1. We can choose U{f) in such a way that \Dx(Tn o ■ ■ ■ oTi)(e)| > 1 + | whenever 
Ti, . . . ,Tn G lA{f),x G l^, and e G T^-M with |e| = 1, and that J^ioj) C V for every 
e > and uo Then is uniformly expanding and thus strongly expanding on the 
bundle {Je{i^)}ui<^n- 

Step 4: Let L C J be a compact subset with fL = L. We apply corollary 3.5 in 
[1] to the bundle RDS on = {{uj,x) : x G /ie(c<j)L}. Let vr^ denote the pressure 
functional of restricted to J^, then we can get that there exist sl>tl>0 such that 

7T,{-tl\ogr],) = = 7r,(-SilogA,) 

and 

< dimn {h,{uj)L) < si P-a.s. 

If we consider the system T^{n,u) and log ^ogm{DxT^{n,uj)) for every 

n > 0, and let 7r„^e denote the pressure functional of T^{n,u) restricted to J^, then we 
can get that 

< dimH{h,{uj)L) < si P-a.s. 

where t^.s^ satisfying T{n,e{-t'n\og\\D^T^{n,uj)\\) = = 7r„,e(-< logm(D^Te(n, cj))). 
Furthermore, by theorem 12.21 the Hausdorff dimension of L is the unique to > with 
7r/i^(-to^) = 0, where ^ = {\ogm{D^f'^) : a; G L,n G N}. 

Step 5: We first note that, for each fixed positive integer n, we have 

lim II log p.T,(n, uj)\\ - log p,r|| |U = 

and 

lim||logm(D,.T,(n,cu)) -logm(D,r)|U = ^^(P), 

since | log \\DxT^{n, ^)^\\ I is uniformly bounded for the fixed positive integer n. By the 
proposition 13. ![ for each fixed positive integer n, we have 

lim^7r,,,(-tlog||D,T,(n,a;)||) = ivr^ni J-t log ||D,r||) 

and ^ ^ 

\im-'Kn,e{-t^ogm{D^T,{n,uj))) = -7r/n|^(-t log 771(1}^/")) 
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for each t >0. Moreover, by proposition 2.2 in [7J and proposition 12.31 we have 

hm ivr;.|J-tlogp.r||)= hm -7rf,.i,{-tlogm{DJ-)) = nf\^{-t^). 
Hence, we obtain for each t > that 

hm \im-7in,^{-t\og\\D^T^{n,uj)\\) = hm \im-7in,e{-tlogm{D^T^{7i,uj))) 

n^oo e^O 71 n— >oo e— >0 71 

Step 6: To complete the proof, given 6 > 0. Since t 7rj|^(— is strictly 
decreasing, there exist > 0, eo > such that for each e < eo, we have 

vr^,.(-(to + 5) \og\\DMN,uj)\\) < < ^^^-{^0 - 5)hg\\D,T,{N,Lu)\\) 

and 

TTNA-ito + S) \ogm{D,T,{N,u))) < < 7rjv,e(-(to - 5) \og7n{D,T,{N,u))). 
This immediately implies 

to - 5 < < dimH{K{uj)L) <s%<to + 5. (4.4) 
The desired result then immediately follows. □ 

Remark 4. (1) In Bogenschiitz and Ochs proved that the Hausdorff dimension of 
a conformal repeller is stable under random perturbations. Using their ideas, we show 
that the same is true for average conformal repeller. The differences between theorem 



and Bogenschiitz and Ochs 's theorem are: 

i) In order to use the corollary 3.5 in it is the same from step 1 to step 3; 

ii) In order to prove the Hausdorff dimension of average conformal repeller is stable 
under random perturbation, we should consider the iteration of the RDS from step 4 
to step 6. And this process need the technic of sub-additive topological pressure and 
sup-additive topological pressure. In the authors need not consider the iteration of 
the RDS, so they need only additive topological pressure. 

(2) Since the bundle is uniformly expanding on the bundle {Je{uj)}ujen, the result 
in [T^ told us that there exists a equilibrium states of the topological pressure tt^. Then 
modifying subtly the proof in /iV we can get that the zero of the sub- additive topological 
pressure is the upper bound of the Hausdorff dimension of the bundle {Jeii^)}ujen- 

Proposition 4.2. Under the conditions of theorem \4.1\ we have 

where h[lp{T^) denote the topological entropy of the random dynamical system T^ gener- 
ated by the random perturbation of f and htopif) denote the classical topological entropy 
of deterministic dynamical system. 
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Proof. This can be immediately deduced from proposition 13.11 by taking the potential 
functions to be the zero-valued functions. □ 



Acknowledgements. Part of this work is done when authors visited Taida institute 
for mathematical sciences, authors would like thank the warm hospitality of the host. 

References 

[1] Ban J, Cao Y and Hu H 2008 Dimensions of average conformal repeller, to appear 
in Trans. Am. Math. Soc. 

[2] Barreira L 2003 Dimension estimates in nonconformal hyperbolic dynamics Non- 
linearity 16 1657-1672 

[3] Barreira L 1996 A non-additive thermodynamic formalism and applications to 
dimension theory of hyperbolic dynamical systems Ergodic Theory Dynamical 
Systems 16 871-927 

[4] Bogenschiitz T and Ochs G 1999 The Hausdorff dimension of conformal repellers 
under random perturbation Nonlinearty 12 1323-1338 

[5] Bogenschiitz T 1993 Equilibrium states for random dynamical systems PhD The- 
sis Universititdt Breman 

[6] Bowen R 1979 Hausdorff dimension of quasi-circles Inst. Hautes Etudes Sci. Publ. 
Math. 50 259-73 

[7] Cao Y 2007 Dimension upper bounds estimate in non-conformal hyperbolic in- 
variant set Preprint 

[8] Cao Y, Feng D and Huang W 2008 The Thermodynamic Formalism for Submul- 
tiplicative Potentials Discrete Contin. Dynam. Syst. Ser. A 20 639-657 

[9] Cao Y 2003 Nonzero Lyapunov exponents and uniform hyperbolicity Nonlinearity 
16 1473-1479 

[10] Crauel H and Flandoli F 1998 Hausdorff dimension of invariant sets for random 
dynamical systems J. Dyn. Differ. Eqns 10 449-474 

[11] Falconer K 1994 Bounded distortion and dimension for non-conformal repellers 
Math. Proc. Camh. Phil. Soc. 115 315-334 

[12] Gatzouras D and Peres Y 1997 Invariant measures of full dimension for some 
expanding maps Ergodic Theory Dynamical Systems 17 147-167 



14 



[13] Kifer Y 1996 Fractal dimensions and random transformations Trans. Am. Math. 
Soc. 348 2003-2038 

[14] Kifer Y 2001 On the topological pressure for random bundle transformations 
(Amer. Math. Soc. Transl. 202) 

[15] Liu Peidong 1998 Random pertutbations of axiom A basic sets J. Stat. Phys. 90 
467-490 

[16] Oseledec V 1 1968 A multiplicative ergodic theorem. Characteristic Lyapnov expo- 
nents of dynamical systems (Transactions of the Moscow Mathematical Society 
19 American Mathematical Society, Providence, R.I.) 

[17] Pesin Y 1997 Dimension theory in dynamical systems: Contemporary Views and 
Applications (University of Chicago Press, Chicago) 

[18] Rucllc D 1982 Repellers for real analytic maps Ergodic Theory Dynamical Systems 
2 99-107 

[19] Walters P 1981 An introduction to ergodic theory (Berlin Springer) 

[20] Zhang Y 1997 Dynamical upper bounds for Hausdorff dimension of invariant sets 
Ergodic Theory Dynamical Systems 17 739-756 

[21] Zhao Y and Cao Y 2007 Dimension of random average conformal repeller Preprint 

[22] Zhao Y and Cao Y 2008 On the topological pressure of random bundle transfor- 
mations in sub-additive case J. Math. Anal. Appl. 342 715-725 



15 



